We consider one-dimensional (1D) spin-1/2 fermions in a clean quantum wire, with forward scattering interactions and a non-linear single-particle spectrum, ξ k = v|k| + k 2 /2m where v is the Fermi velocity and 1/m is the band-curvature. We calculate the dynamical structure factor (DSF) of the model at small wave-vector q with the help of the bosonization technique. Being perturbative in band-curvature with singular perturbations, bosonization cannot emulate the 2-parametric excitation spectrums starting from the single-parametric ones: ω = u ρ,σ |q| where u ρ ≥ u σ are the charge and spin velocities, respectively.
I. INTRODUCTION
Correlation functions of one-dimensional (1D) fermions in quantum wires are conveniently calculated within the Tomonaga-Luttinger (TL) model and with the help of the bosonization technique. The TL model assumes the linearity of the single-particle spectrum with respect to momentum:
where v is the Fermi velocity and k F the Fermi momentum, and interactions of the forward scattering type, so-called g 2 and g 4 processes in g-ology. The forward scattering nature of the interactions implies that the system has no spectral gap whereas the linearity of the spectrum yields Lorentz invariance. These assumptions make the model exactly soluble by mapping the interacting fermions onto free bosonic excitations or plasmons [1] [2] [3] [4] . As a consequence, e.g. transport, properties of TL liquids are easily accessed with the help of bosonization, see the recent monographs [5, 6] .
Even though the TL model allows a standard description of fermions in quantum wires, as Landau theory of Fermi liquids allows a standard description of 3D systems, cf. the monograph [7] , both assumptions of relativistic single-particle spectrum and forward scattering interactions often constitute an over simplified description of 1D fermionic systems. As a matter of fact, fermions hopping with an amplitude t on a 1D lattice of parameter a have a single-particle spectrum given by:
Adding interactions between such fermions leads to the 1D Hubbard model, see the monograph [8] , one of the most fundamental model of solid-state physics. In the absence of disorder and away from 1/2−filling we may assume that the system has no spectral gap, e.g. is not in a Mott insulating phase. One may then focus on the low-energy properties of this model by expanding Eq. (2) around the Fermi points ±k F where the + sign refers to right-movers and the − sign to left-movers. In the lowest order, this yields the TL model, Eq. (1), with v = 2ta sin(k F a). Because of the exact solubility of the TL model the low-energy properties of the Hubbard model are thus known exactly. On the other hand, except for the case of free fermions which is again exactly soluble, less is known about the high-energy properties of the Hubbard model. Considerable work has been devoted to exact studies related to the nature of its ground-state and its low-energy excitations. This has been done with the help of the Bethe Ansatz, cf. [8, 9] for reviews, which allows a fully non-perturbative handling of the non-linear spectrum, Eq. (2), and interaction effects. This technique is however extremely difficult to generalize to the calculation of correlation functions. Formidable efforts are made to achieve this task but they are limited at present to the 1/2−filled case [10] and to the XXZ Heisenberg spin-chain, see [11] for a review (the XXZ spin-chain is equivalent to spinless fermions, cf. Ref. [12] for a review on spin-chains and the Hubbard model).
In this contribution we focus on a different approach to the high-energy properties of strongly correlated 1D fermions. This amounts to start from the TL model, assume forward scattering interactions and introduce band-curvature corrections to the linear single-particle spectrum:
where m = k F /v is the band-mass or, equivalently, 1/m is the band-curvature. For Galilean invariant systems, there are no higher order corrections in band-curvature. On the other hand, for lattice fermions, Eq. (3) only retains the most relevant, i.e. first-order, band-curvature correction to the single-particle spectrum in the expansion around the Fermi points: ±k F , see Eq. (2) . This means that, with respect to the Hubbard model, the model defined by Eq. (3) is essentially perturbative in band-curvature even if we solve it exactly. Despite this limitation such a model allows to extract information about dynamical correlation functions of 1D fermions with band-curvature and interactions. This is a basic step beyond the TL model and towards the Hubbard model. Up to now it has been mainly considered for the case of spinless fermions, see Refs. [4, [14] [15] [16] [17] [18] [19] [20] [21] or for the equivalent XXZ Heisenberg spin-chain, see Refs. [19, 20] .
The main results of these work show that, on a perturbative level, the band-curvature corrections of Eq. (3) mainly affect the high-energy, e.g. high-frequency, properties of the system preserving its
Luttinger-like features at low-energies, see [15, [18] [19] [20] [21] . On the other hand, on a non-perturbative level, the band-curvature corrections of Eq. (3) cure the system from strong divergences present within the TL approximation, e.g. thereby realistically yielding a finite life-time for the elementary excitations of the liquid, see [14, 15, [18] [19] [20] . The latter may be seen for the case of free-fermions by considering the density-density correlation function or polarization operator:
Π(x, τ ) = ρ(x, τ )ρ(0, 0) , where ρ is the fermion density measured relative to a neutralizing jellium. For free-fermions this correlation function is known exactly with band-curvature and, in Fourier space, reads:
where the upper index refers to free-fermions and the 2−parametric family appears:
In the excitation spectrum of the system this family bounds the region of decay of the coherent bosonic excitation, the plasmon which corresponds to a coherent particle-hole pair, into the incoherent continuum of single particle-hole pairs, see Fig. 1 . This is best revealed by looking at the dynamic structure factor (DSF) of the fermions which corresponds to the dissipative part of the retarded polarization operator:
S(ω, q) = −ℑΠ R (ω, q).
For free fermions, Eqs. (4) and (6) yield:
−{ω → −ω},
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FIG. 2:
Schematic view on the dynamical structure factor of spinless fermions as a function of frequency ω for a given momentum q, e.g. the cut at q ≪ 2kF of Fig. 1 . The free-fermion or single-pair excitation continuum lies between the ω− and ω+ branches. The 2− and higher-pair excitation continuum due to interactions lie beyond the ω+ branch.
which, for a fixed momentum q, is non-zero and independent on frequency in the range: ω − < ω < ω + , see Fig. 2 . In particular, at the plasmon frequency Eq. (7) yields a finite result:
Moreover, the spectral width of the DSF yields the inverse life-time of the bosonic excitations:
On the other hand, expanding Eq. (4) in 1/m yields:
which reveals a basic difference with respect to the exact result of Eq. (4): order by order the dissipative part is singular at the plasmon frequency: ω = v|q|, with δ−function singularities. In particular, within the TL approximation (m → ∞): Our goal is to calculate the DSF (at small q, i.e. the 2k F −part is not considered) with band-curvature with the help of the bosonization technique. The latter allows to take forward scattering interactions among the fermions to all orders. Bosonization, as a standard low-energy Lorentz invariant field theory technique, is based on the assumption of a linear single-particle spectrum. Starting with spinless fermions we will extend it to the case where band-curvature is present. This will make the bosonization non-linear a signature that the low-energy bosonic excitations interact. Our first task will then be to determine whether or not this (non-linear) bosonization is able to cure itself from its divergences with the help of the curvature corrections of Eq. (3). We will also evaluate the effect of interactions on the DSF with band-curvature, cf. the high frequency multi-pair excitation continuum displayed on Figs. 1 and 2.
This complements existing works in the literature on the subject [4, 14, 15, [18] [19] [20] [21] in particular those using bosonization [4, 14, 20] . Next, by considering spinful fermions (with spin-1/2) we will explore some features related to the violation of the spin-charge separation due to band-curvature. Within bosonization, this was first considered in Ref. [13] that we shall follow (correlation functions were not the main issue of Ref. [13] ). We understand this violation as follows. As known from the Bethe Ansatz solution to the Hubbard model, cf. Refs. [8, 9] for reviews, in the presence of band-curvature spin-charge decoupling is still valid at the level of the elementary excitations: they consist of the chargeless spin-1/2 spinon and the spinless charged holon and anti-holon 22 . This is also valid for the physical excitations 23 composed of the elementary ones (particle-hole pairs, spin-singlet and triplet) and living in either sector. However, because of band-curvature they interact with each-other as well as, below half-filling, with the background charge living in the wire 24 . As a consequence, spin and charge Hilbert spaces are no more separated at high energies and the excitations acquire a finite life-time. We will explore the effect of this coupling on the charge and spin density correlation functions of the model which, to our knowledge, has not been done elsewhere.
The paper is structured as follows. In Sec. II we introduce the model of bosonized spinless fermions with band curvature, calculate the corresponding DSF at small q and discuss the efficiency of the nonlinear bosonization technique. In Sec. III we add an additional internal, spin−1/2, degree of freedom to the fermions. We calculate the charge and magnetic DSF, both at small q, and discuss the violation of the spin-charge separation due to band curvature for both functions. In Sec. IV we summarize our results and conclude. Finally some details of the calculations are reported in the Appendices at the end of the paper.
II. SPINLESS FERMIONS

A. Model
In this Section, we consider spinless fermions and give some details of the standard bosonization procedure. Starting with free fermions their Hamiltonian reads:
where c and c † are the annihilation and creation operators for the fermions and :: refers to normal ordering. The bosonization procedure is implemented by first focusing on the low-energy sector near the Fermi points ±k F :
where ψ ± are slow chiral fields. The free fermion Hamiltonian becomes:
The first term corresponds to the Dirac part related to the linear spectrum. The second term corresponds to the curvature correction. One may then go to the bosonic representation with the help of the following identity:
relating the chiral fermionic fields, ψ ± , to the chiral bosonic fields, ϕ ± . The later may be expressed as a function of the total phase field ϕ and the momentum Π ϕ as follows:
The normal-ordering of vertex operators is conveniently taken into account with the help of a pointsplitting technique, see details in Appendix A. This yields the following operator-product expansions (η = ±):
where the terms which vanish upon integration over space or by symmetry considerations have been neglected. The last line in Eq. (15) displays the non-linearity of the bosonization arising from bandcurvature. The fermionic Hamiltonian then takes over the following form:
with the densities:
The fact that the curvature part is cubic in densities is related to the energy of the Fermi sea for a quadratic spectrum in 1D. Moreover, such cubic terms lead to a violation of the particle-hole symmetry, ϕ ± → −ϕ ± , again a consequence of the non-linearity of the spectrum away from half-filling. Finally, notice that the curvature term in Eq. (16) agrees with the one found in the literature [4, 14, 20] , see Appendix B for conventions on notations.
In terms of the total phase and momentum this yields:
According to phenomenological bosonization the added terms, (∂ x ϕ) 3 and ∂ x ϕ Π 2 ϕ , are the lowest-order particle-hole symmetry violating terms compatible with both the U (1) invariance of the Hamiltonian, i.e. ϕ → ϕ + α where α generates the translations, and the space-time symmetries of the problem: ϕ is an odd function of x and an even function of t:
where ρ is the total density (the smooth part of the density close to q = 0; the 2k F part has been neglected), j the total current of the fermions and Π ϕ ∼ ∂ t ϕ, see Eq. (21) below. Notice also, from
Eq. (18) , that the original (spinless) fermions correspond to kinks in ϕ.
To include forward scattering interactions we follow the usual prescription of rescaling the fields:
in the Tomonaga-Luttinger part of the Hamiltonian, where:
and g i,c ≡ g i,c /πv is the dimensionless coupling constant in the charge sector. In the following we take:
g 2,c = g 4,c = g c which yields:
The interactions affect the free fermion Hamiltonian density as:
To proceed further, we find it more convenient to go to the Lagrangian representation, Π ϕ → ∂ x θ, which yields the following Euclidean action:
where m ′ = 6m/ √ π and τ = it is the imaginary time. Integrating over the dual phase field θ yields:
The non-trivial denominator comes from the conjugated momentum which reads:
Expanding the previous expression in the lowest meaningful order in 1/m yields:
where we have used the fact that: γ ρ u ρ = v, independent of interactions.
As an alternative to Eq. (22), we may work with the complete action:
which does not require any expansion in 1/m.
With the help of Eq. (22) or Eq. (23) we wish to determine the effect of the irrelevant terms appearing due to curvature on the correlation functions of the model. In particular the long-distance part (close to q = 0; the 2k F −part is neglected) of the polarization operator reads:
From its expression in Fourier space all we need to compute is the phase correlator D:
Curvature terms make the actions non-Gaussian a signature of the fact that they induce interactions between the bosonic excitations. We will treat them in perturbation theory in 1/m. Notice that for Eq. (22) curvature generates an infinite number of irrelevant terms and we have taken into account only the lowest order terms. This means that our treatment of curvature is essentially perturbative (even if we manage to re-sum all terms generated by Eq. (22)). At second-order, both models of Eq. (22) and Eq. (23) are equivalent as will be shown in more details below.
B. Dynamical structure factor
We now compute D(iω, q) via bosonization, i.e. in perturbation theory in 1/m. From Eq. (22) the zeroth order reads:
from which:
which agrees with the zero order term of Eq. (10) in the free-fermion limit: γ ρ = 1 and u ρ = v.
In the Euclidean action the cubic perturbation reads:
The second-order correction reads:
where Σ(iω, q) is the self-energy part. From the expression of the free bosonic Green function, Eq. (24), this yields:
For the ϕ−Lagrangian the diagrammatic theory assigns a solid line for the bare propagator of Eq. (24) and the second-order self-energy part is displayed on Fig. 3 . To compute this self-energy part one has to be careful in Wick ordering the 8-point correlation functions generated by the cubic action at second order. This care is due to the fact that, in the ϕ−representation, the vertices carry products of frequency and momenta in a non-symmetric way which complicates the calculation of the combinatorial factor (calculations are detailed in Appendix C 1). The latter is crucial as we will see in the following.
As an alternative to the ϕ−representation we may work in the ϕ, θ−representation. As we have noticed in Sec. II A the ϕ−Lagrangian of Eq. (22) 
The quadratic part of Eq. (23) yields the zero-order correlators:
,
Notice that while the charge phase ϕ is related to particle-hole pairings,
θθ is related to particle-particle pairings. The fact that ϕ and θ appear on equal footing in Eq. (22) is related to the absence of long-range order (either of the charge-density wave type or the superconducting one) in 1D.
The diagrammatic theory then assigns a solid line for the ϕ−field and a double line for the θ−field, The final result for the small q self-energy reads (at T = 0 for simplicity):
where we have restored m ′ = 6m/ √ π and defined the kinematic factor:
The self-energy reveals the two interesting cases of free-fermions and interacting fermions, respectively.
In the case of free fermions: u ρ = v and γ ρ = 1, the self-energy has a single contribution on the "plasmon-cone": ω = v|q|. We may recast it in the Matsubara form for clarity:
from which the corresponding correction to the polarization operator reads:
This perfectly agrees with the second-order correction known from the free-fermion result of the Introduction, Eq. (10).
In the case of interacting fermions, Eq. (27) shows that this contribution gets renormalized by interactions and that an additional contribution appears at high frequencies. On the plasmon-cone, ω = v|q|, the self-energy may be again conveniently re-casted in the Matsubara form from which the corresponding correction to the polarization operator reads:
Again, this has the same functional form as the free-fermion result up to a re-normalization of the charge velocity and the band-mass by interactions:
where Eq. (19) has been used. Away from the plasmon-cone, ω ≫ v|q|, Eq. (27) yields the small wavevector, high-frequency part of the dynamic structure factor:
In Eq. (30) the re-normalization of the band-mass by interactions differs from the on-cone part:
where Eq. (19) has been used. This tail describes the decay of a plasmon into two plasmon excitations as can be seen from the vertices of Fig. 4 . In fermionic language the plasmon corresponds to a coherent particle-hole pair. As a consequence the tail is termed the two-pair excitation continuum, see Figs. 1 and 2. Notice that the kinematic factor appearing in Eq. (30), see also Eq. (28), is due to the fact that, in 1D, low-energy particle-hole pairs cannot exist for arbitrarily small momentum.
C. Efficiency and limitations of the bosonization technique
As we now discuss, the previous results show that the bosonization technique works well at highfrequencies, i.e. ω ≫ u ρ |q|, even though it is limited, because of its non-linearity, to a perturbative evaluation of band-curvature effects. On the other hand it fails at low frequencies, i.e. close to the plasmon mode which is on the cone ω = u ρ |q|, where band-curvature perturbations are singular at all orders and a re-summation of such singular perturbations is non-trivial.
The high-frequency regime manifests only in the presence of curvature and interactions. Indeed, in the absence of curvature the bosonic excitations are free and there is no dissipation even though the underlying fermions strongly interact. On the other hand, in the absence of interactions among fermions the particle-hole pairs cannot scatter-off each other so the decay of the bosons is limited to the single-pair continuum. In the high-frequency regime the self-energy part Eq. (27) and the DSF Eq. (30) are smooth functions of frequency and momentum. These results are valid to all orders in interactions but only in second-order in curvature, i.e. the 2−pair continuum. As a consequence, this second-order contribution is the leading contribution with respect to the high-frequency part of the dynamic structure factor of one-dimensional fermions Eq. (30). The nonlinear bosonization technique therefore works away from the plasmon-cone even though it is limited to a perturbative result in curvature.
On the other hand the second-order low-frequency result, Eq. (29), is singular (it's imaginary part from which the structure factor is defined). This implies that curvature is unable to cure the bosonization technique from its singularities order by order. Reciprocally, bosonization, being limited to a perturbative evaluation of band-curvature effects, is unable to resolve the two-parametric family of Eq. (5) starting from the single-parametric one, ω = u ρ |q|. This was already the case for free fermions, Eq. (7), where an infinite number of terms had to be evaluated and summed in order for the DSF to be well-defined at low frequencies, see Eq. (10). In the free-fermion case an exact solution was available to overcome the singular perturbation theory. In the presence of interactions and within bosonization no such solution is available, to our knowledge, and we face a tedious order by order calculation. In the ϕ−representation the fourth order diagrams are displayed on Fig. 6 .
III. SPINFUL FERMIONS A. Model
Following the previous sections we now move to spinful fermions by introducing an additional internal, spin-1/2, degree of freedom to the fields: σ =↑, ↓, so that:
This yields:
We then introduce the charge and spin fields together with their canonically conjugated fields:
The Hamiltonian density then takes the following form:
where m ′ = 6m/ √ π. In Eqs. (31) interactions in the charge and spin sectors have been included. For the latter we have introduced the following parameters:
where g i,s ≡ g i,s /πv is the dimensionless coupling constant in the spin sector. Just as for the charge sector in the following we take: g 2,s = g 4,s = g s , which yields:
In the absence of curvature (m ′ → ∞) only Eq. (31b) remains which corresponds to the usual TomonagaLuttinger model. It's main feature is the separation of the Hilbert spaces associated with charge and spin sectors (the spin a charge parts commute with each-other; recall the anomalous commutations:
, and similarly for σ and Π σ , while other commutators are zero). Moreover, as can be seen from:
kinks in ϕ determine the density of fermions while, independently, kinks in σ determine the magnetization density due to the spin of these fermions (we are considering the smooth part of the densities close to q = 0; the q = 2k F parts are neglected). Charge and spin travel at different velocities: u ρ and u σ , respectively, which are determined by the interactions among the fermions. As a result, charge flies away from spin so that the interacting fermions decompose into two elementary excitations. These are the spinless charged holon and anti-holon and the chargeless spin-1/2 spinon, see the textbooks [5, 6] . The
Gaussian nature of the TL model implies that these excitations are free.
In the presence of curvature the elementary excitations acquire a finite lifetime. In particular, the first two terms in Eq. (31c) are identical to the ones found in the spinless case and lead to the decay of the charge excitations within the charge sector. More importantly, the next terms in Eq. (31c) show that spin and charge Hilbert spaces are no more decoupled when curvature is introduced. As we know from the exact solution of the Hubbard model, e.g. Refs. [8, 9] for reviews, the decoupling still exists at the level of the elementary excitations 22 : holons and spinons, but the latter interact with each other. This opens
The quantum field theory associated with the Lagrangian of Eq. (34) for spinful fermions.
new channels for the decay of the excitations 23 . Indeed, the third and fourth terms couple the charge density to the spin density and current, respectively. And the last term describes the coupling between the charge and spin currents. Moreover, we see from Eq. (31c) that spin and charge degrees of freedom do not enter in a symmetric way. As a matter of fact, the decay of spin excitations can only take place by affecting the whole charge density along the wire.
Even though we have derived Eq. (31) the general form of the Hamiltonian and the particular asymmetry between spin and charge may be understood from general symmetry considerations. This allows a phenomenological approach to the model. As in the spinless case, the fact that all curvature terms are cubic is related to the energy of the Fermi sea for a quadratic single-particle spectrum. It implies that the particle-hole symmetry is violated which is natural away from half-filling for such a spectrum.
Moreover, the curvature terms in Eq. (31c), are compatible with the basic symmetries of the problem: is not quite explicit here since we are using the Abelian bosonization technique 25 . Nevertheless, as a weak manifestation of the SU (2) 1 symmetry, all spin-fields in Eq. (31c) are paired, e.g. a term of the form ∂ x ϕΠ ϕ Π σ is compatible with the basic symmetries but is not SU (2) invariant. Another consequence of the SU (2) spin-rotational invariance of the theory, e.g. see [6] , is that g s = −g 1 /2 where g 1 is the dimensionless coupling constant arising from backscattering. Thus, from Eq. (32) and in the absence of backscattering, the spin parameters are the free ones: u σ = v and γ σ = 1. We will work with general values of these parameters in what follows and set them to their non-interacting value at the end of the calculations.
To proceed further, we go to the Lagrangian formulation by introducing the dual fields: θ ρ and θ σ ,
The quantum field theory related to the Lagrangian of Eq. (36) for spinful fermions.
such that: Π ϕ = ∂ x θ ρ and Π σ = ∂ x θ σ . This yields:
The field theory associated with Eq. ϕϕ is associated with the particle-hole pair excitations. These are charge-neutral excitations, even though we will often refer to them as charge excitations, for simplicity, as holons and anti-holons never appear explicitly 23 . Moreover, as there is no spin-charge coupling at the level of the bare propagators, these charge-neutral excitations are spinless. In the spin sector, the bare correlators read:
where
σσ is associated with spin-singlet or triplet excitations. We shall often refer to them as spin excitations, for simplicity, as spinons never appear explicitly 23 . They are chargeless.
Alternatively, we may also integrate over the dual fields in Eq. (34) and work with the following reduced Lagrangian:
where only the lowest order terms in 1/m ′ have been taken into account. The corresponding field theory is given on Fig. 8 .
With the help of the models of Eqs. (34) and (36), we will determine the effects of the spin-charge mixing terms arising from band-curvature on the response functions of the system at small wave-vector q.
There are two of them: the charge DSF and the spin (or magnetic) DSF (mixed correlators of the type:
ϕ(iω, q)σ(−iω, −q) , are zero within the present field theory because there is no spin-charge mixing at the level of the bare propagators).
B. Dynamical charge structure factor
We first compute the second-order corrections in band-curvature to the charge DSF of spinful fermions.
They correspond to the diagrams of Fig. 9 in the ϕ, σ−representation. The latter include a contribution which is similar to the spinless case, the first diagram in Fig. 9 , arising from the decay of a charge (- The diagrams of Figs. 9 and 10 have the same structure as those of the corresponding spinless case,
Figs. 3 and 5, respectively. In the case where charge and spin parameters are equal (γ ρ = γ σ = γ and u ρ = u σ = u), the free-fermion case being a special sub-case (γ = 1 and u = v), the diagrams of Fig. 9 reduce to the one of Fig. 3 with an additional factor of 2, the spin degeneracy. Similarly, the diagrams of 
where the kinematic factor reads:
This general result shows that the density correlation function of spinful fermions has two peaks: a charge peak at ω = u ρ q but also a spin peak at ω = u σ q so that part of the charge spectral weight is carried by = 1) . Because of the violation of spin-charge separation due to band-curvature two branches appear. The higher one corresponds to the usual charge branch and has a high-frequency tail (displayed in light gray). The lower one is the spin branch and has no frequency tail. Along the cut a two-peak structure for the corresponding charge DSF is revealed.
the spin-singlet. Each peak has tails due to the interactions between the fermions composing the bosonic excitations during the decay process. In the absence of backscattering, i.e. for γ σ = 1 and u σ = v, spin excitations are free so that the 2-pair tail related to their scattering disappears from Eq. (37). The latter then simplifies as:
The spin-charge mixing, which is responsible for the appearance of the spin peak in the above self-energy, is even more apparent from the pole structure of the corresponding correction to the polarization operator:
where the high-frequency part has been neglected. In Eq. (40) the second term mixes spin and charge, gives rise to the spin peak and renormalizes the effective band-mass of the charge peak. Moreover, the spin peak at ω = v|q| has no long-range tails and in the limit of strong repulsive interactions, γ ρ ≪ 1, is well separated from the charge peak at ω = u ρ |q| = v|q|/γ ρ ≫ v|q|. The latter has long-range tails given by Eq. (30).
The additional spin peak to the DSF is a witness of the spin-charge coupling due to band-curvature.
It arises from the opening of a new channel for the decay of charge (-neutral) excitations, i.e. into two gapless spin-singlets traveling at u σ = v < u ρ . The sharpness of this spin peak translates the coherence of the rearrangement of the background charge 24 due to the spin-singlet. However, the 2−parametric nature of the excitations, i.e. the widths of the spin and charge peaks which are schematically displayed on Fig. 11 , cannot be accessed by the present second-order perturbation theory in curvature, see related discussion in Sec. II C.
C. Dynamical spin structure factor
We now focus on the spin degrees of freedom. The long-distance part (close to q = 0; the 2k F −part is neglected) of the spin-density correlation function is defined as:
and, in Fourier space, reads:
The dynamic spin structure factor corresponds to the dissipative part of this susceptibility:
In the absence of curvature the result is well known:
with obvious similarity with the dynamical charge structure factor.
Including curvature, the second-order correction to the spin density correlation function reads:
where the self-energy Σ σ is given by the diagrams of Fig. 12 in the the ϕ, σ−representation of Lagrangian Eq. (36). These diagrams are built from the third vertex displayed on Fig. 8 which shows that a spin excitation (singlet, triplet) can decay only into a mixed spin (singlet, triplet, resp.) − charge-neutral excitation. Contrary to charge fluctuations which had two-channels through which they could decay (one of them not affecting the spin degrees of freedom and therefore surviving in the spinless case) the decay of spin fluctuations cannot proceed without affecting the whole charge background.
In the ϕ, σ, θ ρ , θ σ −representation of Lagrangian Eq. (34), which reveals the non-trivial nature of the vertices of the cubic field theory, these mixed spin-charge self-energy parts are displayed on Fig. 13 .
In the case where spin and charge degrees of freedom are equivalent (γ ρ = γ σ = γ and u ρ = u σ = u), 
Notice that in the limit where γ ρ → 1 in Eq. (46) the first two terms become δ−functions centered around ±vq and the last two terms vanish. This yields back Eq. (44) for the magnetic DSF. On the other hand for γ ρ < 1 second-order curvature effects broaden the peaks at ±vq by transferring spectral weight to frequencies reaching the charge frequency (u ρ q) with additional long-range tails. This is more conveniently seen on the magnetic DSF. The latter is non-zero all the way between the spin and charge frequencies:
where, for simplicity, we have set q > 0 and focused on ω > vq.
At ω = vq this expression diverges but only algebraically and not as a δ−function as for the zero-order term or in the absence of interactions.
At ω = u ρ q the magnetic DSF is finite and equals:
so that part of the magnetic spectral weight is carried by the charge excitations.
At large frequencies, ω ≫ u ρ q, tails appear and read:
Notice that the second term in Eq. (49) yields a non-zero dissipation at infinite frequencies. Nevertheless, the spin-structure factor satisfies the sum-rule: The magnetic structure factor, Sσ(ω, q), at a fixed q, as a function of the dimensionless frequencỹ ω = ω/vq and for different interaction strengths in the charge sector (γσ = 1). This figure shows a transfer of the spectral weight to higher frequencies as the interaction strength increases. This transfer originates from the spin-charge coupling due to band-curvature. The spectral weight then extends from the spin excitation frequency, ωσ = 1, to the interaction-dependent charge excitation frequency,ωρ = 1/γρ, with additional high frequency tails. The peak atω = 1 corresponds to the free fermion result: γρ = 1 (ωσ =ωρ = 1). The second curve corresponds to the second-order curvature correction at γρ = 0.9 (ωρ = 1.1). The third curve corresponds to the second-order curvature correction at γρ = 0.1 (ωρ = 10).
but with a re-normalized spin-velocity, v * , which reads:
In Eq. (50) a large frequency cut-off at ǫ F = mv 2 has been included and the final result was obtained after sending this cut-off to infinity. The re-normalization of the spin-velocity by interactions in the charge sector is precisely due to the last term in Eq. (49). It is a signature that the physical excitations carrying the magnetic spectral weight, in the tails of the spin-structure factor, are spin (-singlet or -triplet) excitations dressed by charge-neutral ones.
We therefore see that band-curvature softens the singularities of the spin structure factor already at the second order of perturbation theory. Such an effect arises from spin-charge mixing and is more dramatic than for the charge DSF. The latter was also affected by the violation of the spin-charge separation due to band curvature (cf. the double peak structure, see Eqs. (39) and (40) and Fig. 11 ) but its low frequency part was still δ−singular at second order in band-curvature. The sharpness of both charge and spin peaks in the charge DSF was due to the decay of charge fluctuations into either a pair of chargeneutral excitations or a pair of spin-singlet excitations, both coherently traveling at velocities u ρ and u σ , respectively. On the other hand spin fluctuations decay via spin(-singlet or -triplet) − charge(-neutral)
excitations. Both components of this pair lead to rearrangement of the background charge along the wire 24 . But they travel at different velocities. As a consequence, the redistribution of magnetic spectral weight is incoherent and affects an infinite number of modes. The magnetic DSF is plotted on Fig. 14 for different values of the interactions in the charge sector. Because of the spin-charge coupling just described more spectral weight is transfered from the spin peak at ω = vq to the charge peak at ω = u ρ q = vq/γ ρ , upon increasing interactions.
IV. CONCLUSION
Using the (Abelian) bosonization technique we have studied the charge and spin equilibrium dynamics of 1D fermions in clean quantum wires with forward scattering interactions, i.e. below half-filling, and quadratic band-curvature corrections to the linear single-particle spectrum, cf. Eq. ( technique. This is a standard low-energy Lorentz invariant field-theory technique. Nevertheless, we have extended it to include band-curvature, i.e. made the bosonization non-linear. This allowed us to access some of the limitations of this standard technique close to the frequency of the elementary excitations of the system as well as its efficiency at higher frequencies.
In Sec. II the case of spinless fermions has been analyzed with the help of the two model Lagrangians of Eqs. (22) and (23). We have derived these Lagrangians, following earlier works [4, 14, 20] , but their form maybe understood on a phenomenological basis. The curvature terms are cubic in the charge currents which is related to the energy of the Fermi sea for a quadratic spectrum. They translate the violation of the particle-hole symmetry away from half-filling. Space-time symmetries as well as the U (1) symmetry of the charge field then fully determine the allowed combinations of currents composing the cubic terms.
The non-Gaussian nature of the models is a signature of the interactions between the elementary bosonic excitations. We then proceeded to study their equilibrium dynamics by calculating the DSF of the model perturbatively in band-curvature. The ϕ−Lagrangian of Eq. (22) and the ϕ, θ−Lagrangian of Eq. (23) are equivalent at second-order. The decay of the Bose excitations is best revealed in the ϕ−representation while the ϕ, θ−representation displays the non-trivial nature of the cubic field theory, cf. Fig. 4 . The corresponding diagrams for the DSF were given on Figs. 3 and 5, respectively. Our main result is Eq. (27) for the self-energy part of the DSF, in second-order in band-curvature and to all orders in interactions.
At small frequencies, i.e. close to the plasmon-cone ω = u ρ |q|, this self-energy part and the corresponding correction to the polarization operator Eq. (29) are δ−singular. The latter is equal to the corresponding correction in the free-fermion case up to a re-normalization of the band-mass and the velocity of the excitations by interactions. To overcome the singularity of the perturbation in band-curvature an infinite number of terms have to be evaluated and summed. Some of them are represented on Fig. 6 . This summation would enable us to determine the 2−parametric spectrum of the excitations together with the precise spectral line-shape of the DSF. The difficulty to achieve this task is a witness of the limitation of the bosonization technique. It justifies alternative routes to deal with the plasmon-cone such as fermionic approaches, cf. Ref. [18, 19] , or numerical methods, cf. [20] . On the other hand at high frequencies,
i.e. away from the cone ω ≫ u ρ |q|, Eq. (27) shows that, in the presence of interactions, the self-energy is non-zero and a smooth function of frequency and momentum. This manifests as high-frequency tails in the DSF, Eq. (30) and Fig. 2 . As already known from Ref. [20] the bosonization technique therefore efficiently describes the 2-pair excitation continuum whereby a coherent excitation decays by emitting two particle-hole pairs. At such high frequencies, where a perturbative treatment of band-curvature is justified, bosonization is as efficient as fermionic approaches, cf. [15, 21] .
In Sec. III we proceeded further by including an internal, spin-1/2, degree of freedom to the fermions.
In the TL model, a spinful fermion is known to decompose into a spinless charged holon or anti-holon and a chargeless spin-1/2 spinon. In the linear spectrum approximation they are free elementary excitations.
In the presence of curvature the spin-charge decoupling is still present at the level of these elementary excitations 22 . However, the latter interact with each-other which couples their Hilbert spaces. This has been analyzed with the help of the model Lagrangians of Eqs. (34) and (36), following [13] . In these models curvature terms appear that couple spin and charge fields through cubic terms, cf. the last three terms in Eqs. (34) and (36). Again, the form of these Lagrangians maybe understood phenomenologically.
In particular, the SU (2) spin-rotational invariance of the models imposes a pairing of the spin fields so that spin and charge fields do not combine in a symmetric way in the cubic terms. When spin and charge parameters are equal (γ ρ = γ σ ) spin simply brings a degeneracy factor of two with respect to the case of spinless fermions. But in the general case, interactions are present in the charge sector (γ ρ < 1) while the spin sector is free as there is no backscattering (γ σ = 1). In this case the spin-charge coupling has non-trivial effects on charge and spin dynamics, i.e. charge and spin DSF. The latter were calculated in perturbation theory in curvature, see the corresponding field theories on Figs. 7 and 8. They show a very strong asymmetry of the response of the system with respect to a charge or a spin fluctuation.
The dynamics of the charge degrees of freedom were analyzed with the help of the diagrams of Figs. 9 and 10. These diagrams display the opening of a new channel for the decay of a charge-neutral excitation 23 due to spin-charge coupling. Besides the usual decay into two other charge-neutral excitations, as in the spinless case, a decay into two spin-singlets takes place, see also the corresponding vertex in Fig. 8 . The latter lead to a coherent re-arrangement of the background charge around the spin-cone, ω = u σ |q|. As a consequence, our main results, Eq. (39) and the corresponding Fig. 11 , show that the charge DSF has a double peak structure: a charge peak at ω = u ρ |q| but also a spin peak at ω = v|q| 26 . The charge peak corresponds to an incoherent continuum of single spinless charge-neutral excitations. It has a high-frequency tail corresponding to the incoherent continuum of pairs of these spinless charge-neutral excitations. On the other hand the spin peak corresponds to the incoherent continuum of chargeless single spin-singlet excitations. The latter are free (γ σ = 1) so the spin peak has no tail. In the limit of strong repulsion, γ ρ ≪ 1, this spin peak, at ω = v|q|, is therefore well separated from the charge peak at
Similarly, we have analyzed the dynamics of the spin degrees of freedom with the help of the diagrams At 1/2−filling, the particle-hole symmetry is recovered and the effects resulting from band-curvature, as described above, disappear. In this case higher-order terms in the expansion of Eq. (3) as well as commensurability effects have to be taken into account, cf. Ref. [20] in the case of spinless fermions.
Moreover, the 1/2−filled case has relations with the physics of quantum spin chains, e.g. the largecoupling limit of the 1/2−filled Hubbard model is the anti-ferromagnetic spin chain, and there seemed to be more (non-perturbative) results on correlation functions in this case, e.g. Ref. [10] . We leave this case for further studies [27] . 
APPENDIX A: OPERATOR PRODUCT EXPANSIONS
Bosonization rests on the following vertex operator:
relating the chiral fermionic fields to the chiral bosonic fields. One then needs to express various operators (density, Hamiltonian...) made out of fermions in terms of the bosonic fields. The operators contain the products of fermionic operators at coinciding points and a regularization procedure is required in order to remove the short-distance divergences. This can be achieved by point-splitting the operators, e.g.:
where η = ± and:
The product of vertex operators is normal ordered according to:
: e iβϕη(x) :: e
where:
Notice that the average values in Eqs. (A1) and (A2) were taken over the TL action, i.e. no curvature correction was taken into account. We believe this approximation is sufficient, within the present perturbative approach, to bosonize the theory. Indeed, the first curvature corrections to, e.g. Eq. (A2), are in 1/m 2 while the fermionic Hamiltonian has a contribution in 1/m. At the level of the current algebra this approximation implies that we keep the usual (ultra-local) commutation relations:
where the dots correspond to the neglected curvature corrections.
Altogether this yields:
The first OPE reads:
More generally:
and:
The short-distance products are obtained by setting: y = x + ǫ and expanding to the lowest meaningful order in ǫ. The diverging terms in 1/ǫ cancel out and as a result the second OPE reads:
It may be introduced into the Dirac Hamiltonian density:
where we have neglected the terms which vanish upon integrating over space.
Similarly, the curvature terms read:
Expanding in ǫ the diverging terms in 1/ǫ and 1/ǫ 2 cancel out and the third OPE reads:
It may be introduced into the curvature part of the Hamiltonian density:
where we have neglected the terms which vanish upon integrating over space or by symmetry considerations [ϕ is an odd function of x so that (∂ x ϕ) 3 is even but ∂ x ϕ ∂ xx ϕ is odd and does not contribute to the energy].
APPENDIX B: NOTATIONS
Our notations are different from the ones often found in the literature, cf. [4, 14, 20] . They have:
. We have therefore the following correspondence between these notations and our notations:
We may check that, indeed, this yields the same numerical factor: (2 √ π/3m)(1/8π
Moreover, the chiral basis, ϕ ± , is often used. We which to relate the general irrelevant operator expressed in the ϕ basis:
with its expression in the chiral basis (n = 3/γ 2 ρ in the text). In real time this can be done with the help of: (1/v)∂ t ϕ = Π ϕ = −∂ x ϕ + + ∂ x ϕ − and ∂ x ϕ = ∂ x ϕ + + ∂ x ϕ − , and yields:
The case n = 3 corresponds to free fermions:
and is the sum of two chiral terms. This implies that tails are in the crossed chiral terms. They can be isolated by a special (unrealistic) choice of the interactions: n = −1, which yields:
where Eq. (B1) has been used. The second order correlation function reads:
where n ρ = 3/γ 2 ρ and may be conveniently split into three contributions:
The first contribution is easy to Wick order and yields:
The imaginary part of the corresponding retarded self-energy reads:
where F ρ is given by Eq. (28). The second correlation function is simplified as:
All terms contribute to the on-shell part of the correlation function but only the first contributes to the off-shell part. The result for the self-energy part reads:
Finally, the third correlation function is simplified as:
Again, only the first term (which carries the q 2 factor) contributes to the off-shell part whereas both contribute to the on-shell part. The corresponding self-energy part reads:
Adding the above self-energy parts the factors (1 + n ρ )
appear and the self-energy is given by Eq. (27).
2. Second-order perturbation in curvature: ϕ, θ−representation
Expanding the perturbation up to second order yields three contributions:
The first contribution is exactly the same as the A−term of the previous paragraph.
Wick ordering the next contributions we classify the diagrams according to the number of θ−wings, β ν dp 2π
ϕθ (iν − iω, p − q).
The corresponding self-energy parts read: 
It is interesting to see that all diagrams contribute to the on-shell self-energy; however, the final expression for the tail comes only from the SLA set, i.e. those diagrams with no θ−wings. The set SLB with a single θ−wing does not have any off-shell contribution whereas the set SLC with two θ−wings has off-shell contributions which cancel each-other. Notice that if the latter had a net contribution to the tails, this contribution would have higher powers of frequency which would violate the f-sum rule. In dimensionless units these additional contributions are: ∝ ω/u ρ q for SLB and ∝ (ω/u ρ q) 2 for SLC due to the presence of a single θ−wing and two θ−wings. On-shell, i.e. for ω = ±u ρ q, such contributions are ±1 which yield the correct signs in front of the delta functions.
Adding all the above self-energies yields:
Substituting m ′ = 6m/ √ π yields Eq. (27) which is precisely what has been found in the previous paragraph. 
where F σ is given by Eq. (38). Notice that these expressions satisfy the basic properties of the diagrams with zero, one or two θ−wings.
Adding all the above self-energies and substituting m ′ = 6m/ √ π yields:
Adding the part arising from the charge degrees of freedom, the total self-energy of interacting spinful fermions is given by Eq. (37).
ℑΣ
R B (ω, q) = 9 u σ γ σ γ ρ + γ σ + 1 γ ρ + 1 γ σ ω u σ2 m ′
